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Abstract 
We show how planar frames can be interwoven in an over-under fashion with a point on 
every outer edge of each frame, fitting into an inner corner of another frame to form a rigid 
structure. In particular, we interweave two different sets of n + 1, n-sided frames, each determined 
by a set of great circles. Finally, by a simple alteration to the frames within a structure, we 
change it to one in which the frames come into contact with each other at corner points. 
1. Interweaving frames 
An n-sided f rame is the planar egion bounded by two parallel nested convex n-gons. 
It is regular if the two n-gons are regular and concentric. 
In Fig. 1, we have six frames: three triangular, two rectangular, and one pentagonal 
interwoven in an over-under fashion to give a rigid structure. There is the same number 
of outer edges as inner corners and each edge fits into a corner. 
We give a procedure for assembling such structures. This involves first constructing 
the frames, then interweaving them. Let S be a closed strictly convex surface and let 
a plane IIm intersect S in the curve Cm, m = 1,2 . . . . .  n, such that: C,n and Ct, m ¢ t, 
are either disjoint or intersect in two distinct points; each intersection point belongs to 
only two curves; and the family of curves Cm is connected. Then, these curves could 
be interwoven on S to form an over-under pattern as observed from the outside of 
S. There are two ways to do this. One is by starting with an overlap at an arbitrary 
intersection point, and the other is by starting with an underlap. 
Each of the interwoven curves determines a planar frame. The frame F,, correspond- 
ing to the curve Cm is obtained as follows. Label the intersection points on Cm with 
the symbols + + - lm,2m,3 . . . . . .  (2kin)m, where a point with a '+ '  in its label means that 
Cm overlaps the other curve at their intersection point, a ' - '  means that it passes 
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Fig. 3. Interwoven circles. 
underneath. The inner edges of Fm are obtained by joining the points (2j + 1)+ and 
(2j + 3) +, and the outer edges by drawing through each point (2j + 2)~ a line par- 
allel to the inner edge joining (2j + 1) + and (2j + 3) + and then truncating it at its 
intersection points with other such lines through (2j) m and (2j + 4)m, see Fig. 2. 
For both inner and outer edges, j = 0, 1 . . . . .  km- 1, and addition is modulo 2kin, 
where (0)7~ represents the point (2km)~. 
To assemble the frames, we simply weave each Fm through the others according to 
the weave of Cm. We note that two frames, obtained from different curves, can intersect 
in points outside of the surface S, for example, see the planar structure given in Fig. 
7(a). 
The six interwoven circles on the sphere shown in Fig. 3 give the frames of the 
structure in Fig. 1. For example, the pentagonal frame is determined by the curve C1. 
Since there are two ways to interweave the curves Cm, each weave pattern produces 
a set of n frames. The corresponding frames from the two sets have the same number 
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of sides, but the frame dimensions may be different. In general, the two sets give 
different structures, up to rigid motion. 
2. Interwoven n + 1, n-sided frames 
We give a set of n + l great circles which determines a structure of interwoven 
n + 1, n-sided frames, n ~> 1. 
Let CI be the great circle obtained by intersecting the plane z = by, b >1 O, with 
the sphere x 2 + y2 + z 2 = r 2. Its projection C¢-, in the x-y  plane, is the ellipse 
x 2 + (1 + b e)y2 = r 2. The coordinates of the points where Ci and C~ intersect are 
(+r, 0,0). Denote these points by Ai and A' l, respectively. 
Let C2, C3 ... .  ,C,,+1 be great circles generated by rotating Cj clockwise about the 
z-axis through angles which are multiples of 20, where 0 = ~r/(n + 1). Let Ci intersect 
C,,,+l, m = 1,2 . . . . .  n in the diametrically opposite points Pm and P'm, see Fig. 4. When 
b ~ 0, the coordinates of Pm and P',, are, respectively, 
( r s inmO mO,± rc°smO 4- rbc°smO ) 
± ~/1 + b 2 cos 2 -x/l + b 2 cos 2 mO' x/1 + b 2 cos 2 mO " 
The case b = 0 can be regarded as a limiting case giving coplanar interwoven frames. 
When n is odd, P(,,+l~/2 = Ai. In addition to diametric symmetry, the points are also 
related by symmetries with respect to the x-axis, and with respect o the y -z  plane. 
The following results are immediate and will be used later in our discussion: 
~/ sin mO 
]AjPml = "~r  1 - x/1 +b 2 cos 2 mO' (1) 
~/ cos 30 + b 2 cos 0 cos 20 
IPiP[,_t[ = v~r  1 - X/( 1 + b 2 COS 2 0)(1 4- b2cos220) ' (2) 
~/ cos20 + b 2 cos(2k + 1)0 cos(2k + 3)0 
IPzk+lP2k+31= x/~r 1--  X/( 1 ~-b2cosZ(2k4-1)0)(14-b2cos2(2k+3)0)  ' 
k=0,1  
and 
b = X/(cos 2 0 -  2cos0cos20cos30)5 -  when IPIP31 : IP~P,',_~I. (4) 
Each circle Cm determines a frame. Since CE generates the circles Cm by rota- 
tions about the z-axis, all the frames are congruent. Then, according to the procedure 
described above we only need C1 with its intersection points, the frames and the in- 
terwoven structure follow. Using (1) we get the points Pm,m - 1,2 . . . . .  [(n + 1)/2j, 
the remaining points are determined by symmetries. 
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Fig. 4. Intersection points Pm on Cl. Fig. 5. 
We note that the two different weavings of the circles Cm give the same frames 
and that the two structures determined by the two weavings are mirror images of  each 
other. Also, the interwoven frames are pairwise linked when n is odd, and not linked 
when n is even. 
Let R be the point where Cl intersects the y-z plane, and let Tk be the point on CI 
such that /ROTk = (n/(n + 1))k; see Fig. 5. When b = 0, the structures are planar 
so that Pm= Tm, for m = 1,2 . . . . .  n, and when b = ~,  then P1 = R. Thus the range 
of P1 is the arc RTI. 
3. Some special cases 
We now consider some special cases for n. For the cases n = 1 and n = 2, we have 
the simple structures hown in Fig. 6. 
For the case n = 3, the structures consist of  four triangular frames. For any given 
value of  b, the point PI on Ci is given by (1), P2 = Aj, and the remaining four inter- 
section points on C1 are determined by symmetries. The range of P1 is the arc RTI with 
/ / / / /ROTI = 7r/4. Since P2 = Al, P2~ A1, and P1 determines P1, P3, P3 by symmetries, 
each point arbitrarily selected on RT1 uniquely determines a triangular frame. 
In general, the triangular frames are isosceles, i.e., the nested triangles are isosceles 
and the sides opposite the equal angles are of  equal width. For each b ~> 0, the lengths 
of  the edges of the outer triangle are twice the lengths of their parallel inner edges. This 
was observed by Coxeter, in [4], for the regular triangular frames in George Odom's 
structure shown in Fig. 7(b). 
In Fig. 7, in addition to the Odom structure for which b = v~, we give two others. 
One corresponds to b = 0 and the other to b = 10. We note that the one corresponding 
to b = 0 is planar. The three give us an idea of  how the frames and structures change 
as b increases. 
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(a) h = 0 (b) b = x/2, Odom'sstructure (c) b -.- 10 
Fig. 7. 
For the case n = 4, the frames are rectangular with opposite sides of equal width. 
We note that the same set of  five congruent rectangles could be assembled in different 
ways to give two distinct structures, up to rigid motion. The same set of frames appears 
when b = ~ and when b = x / (4 - :~2) / (1  + a2), where 0 ~< ~ ~< 2, and ~ ¢ ~ ) ,  
but the corresponding structures are different. For example, the same set of frames 
gives us the planar structure corresponding to b = 0 and the three-dimensional one 
corresponding to b = 2. For the case b =: ~c(~/5) ,  the structure consists of five 
regular 4-sided frames, i.e., square frames. This structure appears in [2], and we also 
give it here in Fig. 8. 
For each square frame, in Fig. 8, we have the following relationships between the 
points PI ,P2,P3,  Q, and R shown on the white frame: 
IPl/)3 ] 
]P2P31 -- r, (5) 
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(a) n=5 (b) n=6 
Fig. 9. 
where z is the golden ratio, i.e., z = 2cos(Tz/5), see [3, p. 161]; and 
]P2P3[ = IPzQI ¢ IP2R[. 
The ratio (5) enables us to construct, with compass and ruler only, a square frame 
with a given inner edge length, a given outer edge length, or with a given side width 
(since we know how to find two line segments whose lengths are in the ratio z; see 
[3, p. 161]). 
For the cases n = 5 and n = 6, using (2)-(4), we could show that the frames are 
never regular. When b = 2/x/3, the 5-sided frames have four equal inner edges, see 
Fig. 9(a). For the 6-sided frames, when b = 2V/(1 + 2cos(2~/7)) -1, four of  the inner 
edges are of  one length and two of another; see Fig. 9(b). 
4. Another set of great circles 
Let Ci, C2,..., Cn+l be the great circles described above and let Ce be the great circle 
in the x y plane, i.e., the equator. We know that CI and Ce (and also the ellipse C f )  
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Fig. 10. Fig. 11. 
intersect in the diametrically opposite points Ai and A~I; see Fig. 4. Similarly, let the 
diametrically opposite points where Cm and Ce intersect be denoted by Am and A~m, m = 
2, 3 . . . . .  n + 1. Then, when n is odd, each of the points Am and A/m, m = 1,2, . . . ,n + 1, 
belongs to three circles, Cm, C~2,n+,,+1)/2, and Ce, where addition is modulo n + 1 for 
(n + 1 )/2 < m ~< n + 1 ; but, when n is even, each belongs to only two circles Cm and 
C~. Thus, for n even, Ce and each Cm determines a (n + l)-sided frame. The frames 
determined by the circles C1,C2 .....  C,+l are congruent and in general distinct from 
Fe, the frame determined by Ce. Fe is regular, and does not change with b. 
For the case n = 2, the structures consist of four triangular frames. The arc RTL is 
now subtended by n/3, and again we could construct frames by arbitrarily choosing 
points on Rt-T1. When b = 2x/2, we get Odom's structure. In Fig. 10, we give the 
structure corresponding to b = 10. Note the distinct regular frame F~. 
For the case n = 4 with b = 2, we have a structure, see Fig. 11, consisting of six 
congruent and regular 5-sided frames. 
We conclude this section by making two observations regarding the four structures 
consisting only of regular frames discussed above, see Figs. 6(b), 7(b), 8, and 11. The 
first is that the structure in Fig. 6(b) is derived from curves that give the octahedral 
map on the sphere and that Odom's structure (Fig. 7(b)) and that of Fig. 11 are derived 
from curves that give the quasi-regular cuboctahedral nd icosidodecahedral maps. The 
second observation is that in all these structures with the exception of that in Fig. 8, 
the rotational symmetries of  individual frames extend to rotational symmetries of the 
whole structure. 
5. A different frame weaving 
We now show how the structures described above can be altered by trimming off 
portions of  their frames to give us new structures. The frames in these new struc- 
tures all have an even number of  sides and they interweave so that outer comers of 
frames fit into inner comers of  other frames using only alternate outer comers and 
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Fig. 12. Fig. 13. 
non-corresponding alternate inner corners of  each frame. To illustrate this procedure 
we use Odom's structure. From each flame in the structure, we remove the shaded area 
indicated in Fig. 12. M is a point on the line segment PIS,  with M ~ S. Its position 
determines the width of the sides of the new frames. 
The Odom structure then becomes the one shown in Fig. 13. This edge trimming 
technique when applied to the three 2-sided frames shown in Fig. 6, gives us John 
Robinson's sculpture, 'the Genesis'; see [1]. 
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